Stomatal pores control both leaf gas exchange and are an entry for many plant pathogens, 3 setting up the potential for tradeoffs between photosynthesis and defense. To prevent colonization 4 and limit infection, plants close their stomata after recognizing pathogens. In addition to closing 5 stomata, anatmoical shifts to lower stomatal density and/or size may also limit pathogen 6 colonization, but such developmental changes would permanently reduce the gas exchange 7 capacity for the life of the leaf. I developed and analyzed a spatially explicit model of pathogen 8 colonization on the leaf as a function of stomatal size and density, anatomical traits which 9 determine maximum rates of gas exchange. The model predicts greater stomatal size or density 10 increases colonization, but the effect is most pronounced when stomatal cover is low. I also 11 derived scaling relationships between stomatal size and density that preserves a given probability 12 of colonization. These scaling relationships set up a potential conflict between maximizing defense 13 and minimizing stomatal cover. To my knowledge, this is the first mathematical model connecting 14 gas exchange and pathogen defense via stomatal anatomy. It makes predictions that can be 15 tested with experiments and may explain variation in stomatal anatomy among plants. The model 16 is generalizable to many types of pathogens, but lacks significant biological realism that may be 17 needed for accurate predictions. 18 19 20 Berry et al., 2010; Chater et al., 2017), but many plant pathogens take advantage of these chinks in the 21 leaf cuticular armor to infect prospective hosts (Zeng et al., 2010; McLachlan et al., 2014; Melotto et al., 22 2017). The density and size of stomata set the anatomical maximum rate of stomatal conductance to CO 2 23 and water vapor (Brown Harrison et al., 2019), but 25 the pore area shrinks and expands in response to internal and external factors to regulate gas exchange 26 dynamically (Buckley, 2019). Many plant pathogens, including viruses (Murray et al., 2016), bacteria 27 ( Melotto et al., 2006; Underwood et al., 2007), protists (Fawke et al., 2015), and fungi (Hoch et al., 1987; 28 Zeng et al., 2010) use stomatal pores to gain entry into the leaf. Since stomatal conductance is a major 29 limitation on photosynthesis (Farquhar and Sharkey, 1982; Jones, 1985) while pathogens reduce fitness, 30 this sets up a potential tradeoff between increased photosynthesis and defense against pathogens. Although 31 there have been many empirical studies on the effect that pathogens have on stomata, there is no theoretical 32 1 Muir et al.
INTRODUCTION
Stomata evolved to regulate gas exchange in and out of the leaf (Hetherington and Woodward, 2003;  plants can reduce pathogen colonization by developing leaves with lower stomatal density and/or size. 48 Infection increases in leaves with higher stomatal density (McKown et al., 2014; Tateda et al., 2019;  g s,max = bmDS 0.5
(1)
b and m are assumed to be biophysical and morphological constants, sensu Sack and Buckley (2016) (see are therefore arrayed in an evenly spaced grid ( Figure 1a ). The interstomatal distance U , measured as the 108 distance from the center of one stomata to the next, is the maximal diagonal of the hexagon in µm that 109 forms an equal area boundary between neighbording stomata. The area of a hexagon is A hexagon = √ 3 2 U 2 .
110
By definition the stomatal density is the inverse of this area, such that D = A −1 hexagon = 2 √ 3 U −2 . Therefore, 111 interstomatal distance can be derived from the stomatal density as:
For example, if the density is D = 10 2 mm −2 = 10 −4 µm −2 , then U is 107.5 µm. Parkhurst (1994) 114 described this result previously. I also make the simplifying assumption that stomata are perfectly circular 115 with radius R. This may be approximately true for fully open stomata with kidney-shaped guard cells.
116
Although I assume stomata are circular here, in calculating g s,max , I assume typical allometric relationships 117 between length, width, and pore area (see Supplementary Material).
118

Spatial representation of pathogen search 119
Now imagine that a pathogen lands at a uniform random position within the focal region and must arrive 120 at a stomate to colonize. If it lands on a stomate, then it infects the leaf with probability 1; if it lands 121 between stomata, then it infects the leaf with probability p locate . This is the probability that it locates a 122 stomate, which I will derive below. The probabilities of landing on or between a stomate are f S and 1 − f S , 123 respectively. Hence, the total probability of colonization is:
124 Figure 1 . A spatially explicit model of stomatal anatomy and pathogen colonization. a. Stomata are assumed to be in a homogenous equilateral triangular grid, which means that we can extrapolate from b. a focal triangle to the entire leaf. The circles represent idealized stomata; the grey lines between them are for visualization. c. By symmetry, a single focal region within the focal triangle can be modeled and extrapolated to the rest of the area. d. The model assumes that a pathogen, depicted as a grey rod, lands somewhere on the leaf surface and will sucessfully locate a stomate if it moves at the correct angle, depicted by the grey polygons.
I assume that the pathogen cannot sense where stomata are and orients at random, thereafter traveling in 125 that direction. If it successfully locates a stomate, it colonizes the leaf, but otherwise does not infect. If 126 there is a high density of stomata and/or large stomata, the probability of locating a stomate increases. By 127 assuming that stomata form an equilateral triangular grid (see above), we can extrapolate what happens in a focal triangle ( Figure 1b ) by symmetry. Further, since an equilateral triangle can be broken up into six 129 identical units (Figure 1c ), we can simply calculate p locate in this focal area. This implicitly assumes that 130 the probability of colonzing stomata outside the focal area is 0 because they are too far away.
131
Imagine that the pathogens lands in position (x p , y p ) within the triangle. The centroid of the triangle 132 is at position (x c , y c ) and a reference stomate is at position (0, 0) (Figure 2a ). Therefore x c = U/2 and 133 y c = √ 3U/6. The other stomata are at positions (U/2, √ 3U/2) and (U, 0) ( Figure 2 ). x p and y p are defined 134 as the horizontal and vertical distances, respectively, from the pathogen to the reference stomate at position 135 (0, 0).
136
Given that the pathogen starts at position (x p , y p ), what's the probability of contacting one of the stomata 137 at the vertices of the focal triangle? I assume the probability of contacting a stomate is equal to the 138 proportion of angular directions that lead to a stomate ( Figure 1d ). I solved this by finding the angles 139 (θ 1 , θ 2 , θ 3 ) between lines that are tangent to the outside of the three stomata and pass through (x p , y p ) 140 (Figure 2a ). If stomate i is centered at (x i , y i ), the two slopes of tangency as function of pathogen position 141 are:
where
Note that i ∈ {1, 2, 3}, indexing the three stomata in the focal triangle. The angle in radians between 144 t i,1 (x p , y p ) and t i,2 (x p , y p ) is: I further assumed that the longer distance a pathogen must travel, the less likely it would be to locate 146 a stomate. For example, if stomata are at very low density, then a pathogen may die before it reaches a 147 stomate because of UV, dessication, or another factor. I included this effect by assuming the probability of 148 reaching a stomate declines exponentially at rate H with the Euclidean distance v i (x p , y p ) between the 149 pathogen location and the edge of stomata i, which is distance R from its center at x i , y i :
The probability of locating a stomate as a function of x p and y p (f locate (x p , y p )) is the sum of the angles 151 divided by 2π, discounted by their distance from the stomate:
When H = 0, p locate is the fraction of angles that lead from (x p , y p ) to a stomate. When H > 0, p locate is 153 proportional to this fraction, but less than it depending on stomatal density, size, and starting location of 
The integral is:
a focal is the area of the focal region depicted in grey in Figure 2b :
MATERIALS AND METHODS
The b Figure 3 . The probability of colonization increases with both stomatal cover and conductance a.
The probability of colonization (p colonize , y-axis) initially increases rapidly with stomatal cover (f S ), then slows down to a linear relationship. Overall, p colonize is lower when pathogens can die on the leaf surface (H > 0). The relationship between f S and p colonize is the same regardless of stomatal density when H = 0 (upper facet). When H > 0, higher density (solid lines) increase p colonize (lower facets). b. p colonize increases expoentially with g s,max at all stomatal densities, but p colonize is much lower at higher densities for a given g s,max . The relationship between g s,max and p colonize is similar for all values of H.
many ecologically and economically significant plant pathogens infect through stomata, the relationship 223 between stomatal anatomy and susceptibility to foliar pathogens is less clear than it is for gas exchange.
224
To develop testable predictions, we need mathematical models that can clarify the potential for tradeoffs 2019)). It also makes new, testable predictions that 238 are less intuitive. At very low f S , there is a rapid increase in susceptibility (Figure 3a ). If there are no 239 stomata, the probability of colonization is 0, so the first few stomata dramatically increase the probability.
240
This is unlikely to be significant for abaxial (lower) leaf surfaces, which usually have most of the stomata 241 (Salisbury, 1928; Metcalfe and Chalk, 1950; Mott et al., 1984; Peat and Fitter, 1994; Jordan et al., 2014; 242 Muir, 2015; Bucher et al., 2017; Drake et al., 2019) . However, many adaxial (upper) leaf surfaces have zero 243 or very few stomata. Using adaxial leaf surfaces, it should be possible to test if small changes in stomatal 244 size or density have a larger effect on disease susceptibility when f S is low. The nonlinear increase in 245 p colonize is less apparent when H > 0 (Figure 3a) . A more hostile microenvironment (e.g. drier, higher UV) 246 should therefore reduce the effect of increased size or density as low f S . If true, the dimishing marginal 247 effect of f S on colonization could explain why stomatal ratio on the upper and lower surface is bimodal 248 (Muir, 2015) . The initial cost of adaxial (upper) stomata is high, but if the benefits outweigh the costs, 249 then equal stomatal densities on each surface maximize CO 2 supply for photosynthesis (Parkhurst, 1978; Buckley, T. N. (2019) . How do stomata respond to water status? New Phytologist 224, 21-36.
